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Two particle collisions close to the horizon of the rotating nonextremal Kerr’s and Schwarzschild black holes
are analyzed. For the case of multiple collisions it is shown that high energy in the centre of mass frame
occurs due to a great relative velocity of two particles and a large Lorentz factor. The dependence of the
relative velocity on the distance to horizon is analyzed, the time of movement from the point in the accretion
disc to the point of scattering with large energy as well as the time of back movement to the Earth are
calculated. It is shown that they have reasonable order.
1 Introduction
There is much interest today to the high energy
processes in the ergosphere of the Kerr’s rotating
black hole as the model for Active Galactic Nuclei
(AGN). In Ref. [1] some of the authors of this paper
put the hypothesis that due to Penrose process and
scattering in the vicinity of the horizon superheavy
particles of dark matter due to the large centre of
mass energy transfer can become ordinary particles
observed on the Earth as ultra high energy cosmic
rays (UHECR) by the AUGER group [2].
In Ref. [3] a resonance for the centre of mass
(CM) energy of two scattering particles close to the
horizon of the extremal Kerr’s black hole was found.
Let us call this effect the BSW effect. In our pa-
pers [4]– [7] it was shown that the BSW effect can
occur for the nonextremal black hole if one takes
into account the possibility of multiple scattering
of the particle: in the first scattering close to the
horizon the particle gets the angular momentum
close to the critical one. In the second scattering
close to the first one the particles due to BSW effect
occur to be in the region of high energy physics —
Grand Unification or even Planckean physics. In
Ref. [8] (see also Refs. [9,10]) it was shown that the
BSW effect can be connected with the special be-
haviour of the Killing vector on the ergosphere and
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the large Lorentz factor for relative velocity of two
particles. In this paper we continue our analysis of
this process made in Refs. [4]– [7].
The system of units G = c = 1 is used in the
paper.
2 The scattering energy in the
centre of mass frame
The Kerr’s metric of the rotating black hole in
Boyer–Lindquist coordinates has the form
ds2= dt2− 2Mr
ρ2
(dt− a sin2θ dϕ)2
− ρ2
(dr2
∆
+ dθ2
)
− (r2 + a2) sin2θ dϕ2, (1)
where
ρ2 = r2 + a2 cos2θ, ∆ = r2 − 2Mr + a2, (2)
M is the mass of the black hole, aM is angular
momentum. The event horizon for the Kerr’s black
hole corresponds to the value
r = rH ≡M +
√
M2 − a2. (3)
The Cauchy horizon is
r = rC ≡M −
√
M2 − a2. (4)
For geodesics in Kerr’s metric (1) one obtains
(see Ref. [11], Sec. 3.4.1)
ρ2
dt
dλ
= −a (aE sin2θ − J)+ r2 + a2
∆
P, (5)
2ρ2
dϕ
dλ
= −
(
aE − J
sin2θ
)
+
aP
∆
, (6)
ρ4
(
dr
dλ
)2
= R, ρ4
(
dθ
dλ
)2
= Θ. (7)
Here m is the rest mass of the probe particle, λ =
τ/m , where τ is the proper time for massive parti-
cle, E is conserved energy of the probe particle, J
is conserved angular momentum projection on the
rotation axis of the black hole,
P =
(
r2 + a2
)
E − aJ, (8)
R = P 2 −∆[m2r2 + (J − aE)2 +Q], (9)
Θ = Q− cos2θ
[
a2(m2 − E2) + J
2
sin2θ
]
, (10)
Q is the Carter’s constant. For massless particle
one must take the limit m → 0 in formulas (9),
(10). For equatorial (θ = pi/2) geodesics the Carter
constant is equal zero and Θ = 0 also.
Let us find the energy Ec.m. in the centre of
mass system of two colliding particles with rest
masses m1 and m2 in arbitrary gravitational field.
It can be obtained from
(Ec.m., 0 , 0 , 0 ) = p
i
(1) + p
i
(2), (11)
where p i(n) is 4-momentum of particle with num-
ber n . Taking the squared (11) and due to p i(n)p(n)i =
m2n one obtains
E 2c.m. = m
2
1 +m
2
2 + 2p
i
(1)p(2)i. (12)
The scalar product does not depend on the choice of
the coordinate frame so (12) is valid in an arbitrary
coordinate system and for arbitrary gravitational
field.
Note that the transformation to the centre of
mass coordinate system is always possible exclud-
ing the case of two massless particles with identi-
cally directional momenta. But in this case parti-
cles cannot collide.
Let us find the expression for the collision en-
ergy of two particles freely falling at the equatorial
plane of the rotating black hole. We denote x =
r/M , A = a/M , jn = Jn/M ,
xH = 1 +
√
1−A2, xC = 1−
√
1−A2, (13)
∆x = x
2 − 2x+A2 = (x− xH)(x− xC). (14)
Using (5)–(7) one obtains:
p i(1)p(2)i =
1
x∆x
{
E1E2
(
x3 +A2(x+ 2)
)−
− 2A (j1E2 + j2E1) + j1j2(2− x)−
−
[(
2E21x
2 + 2(j1 − E1A)2 − j21x
+(E21 −m21)x∆x
)(
2E22x
2 + 2(j2 − E2A)2
− j22x+ (E22 −m22)x∆x
)]1
2
}
. (15)
The value of ∆x is going to zero on the event
horizon and as it is seen from (15) the scalar prod-
uct of four vectors ui(1)u(2)i and the collision en-
ergy of particles on the horizon can be divergent
depending on the behavior of the denominator of
the formula. To find the limit r → rH for the black
hole with a given angular momentum A one must
take in (15) x = xH + α with α → 0 and do cal-
culations up to the order α2 . Taking into account
A2 = xHxC , xH + xC = 2, after resolution of un-
certainties in the limit α→ 0 one obtains
E 2c.m.(r → rH) =
(J1HJ2 − J2HJ1)2
4M2(J1H − J1)(J2H − J2)
+m21
[
1 +
J2H− J2
J1H− J1
]
+m22
[
1 +
J1H− J1
J2H− J2
]
, (16)
where
JnH =
2EnrH
A
=
En
ΩH
, (17)
ΩH = A/2rH is horizon angular velocity [11]. For-
mula (16) can be used when one or both particles
become massless. The BSW effect can be consid-
ered also in this case. In [7, 12] the expression of
Ec.m. is written in other forms.
For the Schwarzschild black hole (A = 0) the
energy of collision in the centre of mass frame is
E 2c.m.(r → rH) =
(E1J2 − E2J1)2
4M2E1E2
+m21
(
1 +
E2
E1
)
+m22
(
1 +
E1
E2
)
. (18)
As it can be seen from (16) the collision energy
of particle in the centre of mass frame goes to infin-
ity on the horizon if the angular momentum of one
of the freely falling particles has the value JnH . Is
falling of the particle with such a value of the an-
gular momentum on the horizon possible? For the
3case of the free fall from infinity on the nonextremal
A < 1 rotating black hole it is impossible. This can
be seen from the fact that the expression (9) on the
horizon is going to zero for J → JH but it’s deriva-
tive with respect to r for A < 1 is negative.
Consider the case of the collision of two massive
particles. For massive particles p i(n) = m(n)u
i
(n) ,
where ui = dxi/dτ . In this case, as one can see
from (12), the energy Ec.m. has maximal value for
given u(1), u(2) and m1+m2 , if the particle masses
are equal: m1 = m2 .
Let us find the expression of the energy in the
centre of mass frame through the relative veloc-
ity vrel of particles at the moment of collision [13].
In the reference frame of the first particle one has
for the components of 4-velocities of particles at
this moment
ui(1) = (1, 0, 0, 0), u
i
(2) =
(1, vrel)√
1− v2rel
. (19)
So ui(1)u(2)i = 1
/√
1− v2rel ,
vrel =
√
1−
(
ui(1)u(2)i
)−2
. (20)
These expressions evidently don’t depend on the
coordinate system.
From (12) and (20) one obtains
E 2c.m. = m
2
1 +m
2
2 +
2m1m2√
1− v2rel
(21)
and the nonlimited growth of the collision energy
in the centre of mass frame occurs due to growth
of the relative velocity to the velocity of light [10].
The massive particle free falling in the black
hole with dimensionless angular momentum A be-
ing nonrelativistic at infinity (E = m) to achieve
the horizon of the black hole must have angular
momentum from the interval (lL, lR),
lL = −2[1 +
√
1 +A ], lR = 2[1 +
√
1−A ] (22)
(here the notation l = J/mM is used). For A < 1
one has lR < lH and even for values close to
the extremal A = 1 of the rotating black hole
Emaxc.m. /
√
m1m2 can be not very large as mentioned
in Refs. [14], [15] for the case m1 = m2 . So for
Amax = 0.998 considered as the maximal possi-
ble dimensionless angular momentum of the as-
trophysical black holes (see Ref. [16]) one obtains
Emaxc.m. /
√
m1m2 ≈ 18.97. However this evaluation is
enough for collisions of superheavy particles of dark
matter with the mass close to the Grand Unifica-
tion scale to occur in the region of Grand Unifica-
tion interaction physics so that these particles can
decay on quarks and be observed as the UHECR [1].
Does it mean that in processes of usual parti-
cles (protons, electrons) scattering in the vicinity of
the rotating nonextremal black holes the scattering
energy is limited so that no Grand Unification or
even Planckean energies can be obtained? As it was
shown for the first time in [4] if one takes into ac-
count the possibility of multiple scattering so that
the particle falling from infinity on the black hole
with some fixed angular momentum changes its mo-
mentum in the result of interaction with particles
in the accreting disc and after this is again scatter-
ing close to the horizon then the scattering energy
can be unlimited.
Note that the critical values of JH have var-
ious values for different values of the energies E
(see (17)). That is why there is not only one crit-
ical trajectory for collision with unlimited energy
but a set of trajectories corresponding to an inter-
val of specific energies of particles falling onto a
black hole.
Let us get the expression for the permitted in-
terval in r for particles with angular momentum
l = lH − δ close to the horizon. From (7), (8), (9)
one has for the movement of massive particle in the
equatorial plane(
dr
dτ
)2
= ε2+
2
x3
(Aε− l)2+ A
2ε2− l2
x2
− ∆x
x2
, (23)
where ε = E/m is specific energy of particle. As it
was shown in Ref. [17], Sec. 88, the specific energy
in the static gravitational field is equal to
ε =
√
g00
1− v2 , (24)
where v is the velocity of the particle measured
by the observer at rest at the point of the passing
particle.
To get the boundaries of the permitted interval
in x one must put the left hand side of (23) to zero
and find the root. In the second order in δ close to
the horizon one obtains
xδ ≈ xH + δ
2x2C
xH(xH − xC)(ε2xH + xC) . (25)
4Note that smallness of the value of xδ − xH does
not mean the smallness of the “physical distance”
from rδ to horizon (see Ref. [17], Sec. 84).
From (15), (25) one obtains for values of func-
tion ui(1)u(2)i for l1 = l1H − δ after first scattering
in points xδ and on the horizon
ui(1)u(2)i(xδ) ≈
(l2H − l2)(ε21xH + xC)
δ · xC , (26)
ui(1)u(2)i(xH) ≈
(l2H − l2)(ε21xH + xC)
2δ · xC . (27)
Therefore the function ui(1)u(2)i and hereby the en-
ergy of collisions decrease near the horizon! The de-
pendence of ui(1)u(2)i on the coordinate r is shown
on Fig. 1.
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Figure 1: The dependence of ui(1)u(2)i on the coor-
dinate r for A = 0.998, δ = 5 · 10−4, ε1 = ε2 = 1,
l2 = lL on the left and l2 = lR on the right
The left picture shows that the collision energy
can be very large immediately after obtaining the
angular momentum lH−δ . But, for Amax = 0.998,
lH− lR ≈ 0.04 and so the collision energy for parti-
cles with angular momentum lR is not large. This
means that from the decrease of the collision en-
ergy with fixed value of angular momentum does
not follow the extremely large energy of particles
in the centre of mass frame needed to get the value
lH − δ in the intermediate collision.
The decrease of the collision energy in the cen-
tre of mass frame of the free falling particle and the
particle with critical angular momentum l = lH−δ
in their movement to horizon is explained by the
decrease of the relative velocity of these particles
when going from the point xδ . Due to the defi-
nition (25) the radial velocity of the particle with
the angular momentum l = lH − δ is equal to zero:
dr/dτ = 0 and dr/dt = 0. But the other non-
critical particle colliding with the critical one has
large value of the radial velocity. Angular veloci-
ties dϕ/dt for both particles go to the same value
ΩH . So large relative velocity of two particles oc-
curs due to a “stop” of the critical particle in ra-
dial direction. But after this both particles increase
their radial velocities dr/dτ and the relative veloc-
ity is decreasing — the critical particle is “running
down” the free falling one. From (20), (26), (27)
one obtains for the relative velocity of the particles
colliding at the point xδ and on the horizon
1− vrel(xδ) =
δ2x2C
2 (l2H − l2)2
(
ε21xH + xC
)2 , (28)
1− vrel(xH) = 2δ
2x2C
(l2H − l2)2
(
ε21xH + xC
)2 . (29)
So the physical reason of the unlimited great
energy of the collision in the centre of mass frame
of the particles falling in the black hole is the in-
creasing of the relative velocity of particles at the
moment of collision to the velocity of light. So one
can expect very large energy of collision in the case
when one of the particles due to multiple interme-
diate collisions in the accretion disc strongly dimin-
ishes its energy so that its velocity becomes small
near the horizon. Really from (16) it is easy to
obtain that
Ec.m.√
m1m2
∼
√
l2H − l2
l1H − l1 →∞ , ε1, l1 → 0 . (30)
From the same considerations one can conclude
that for the case of nonrotating Schwarzschild black
hole the collision energy of the free falling parti-
cle with the particle at rest close to horizon also
is great and unlimited. Using (12), (15), (24) for
A = 0 and the particle at rest in the point with
radial coordinate r0 (so l1 = 0, ε1 =
√
1− rg/r0 ,
dr1/dτ = 0) for the energy of its collision with the
particle with ε2, l2 one obtains in the centre of mass
frame
E 2c.m. = m
2
1 +m
2
2 + 2m1E2
√
r0
r0 − rg , (31)
which evidently is growing infinitely for r0 → rg .
Note that the stopping of one particle on the
horizon of a nonrotating charged black hole takes
place for its critical charge and then it follows to ex-
pect the infinity energy of collisions as it was shown
in [18].
If one particle in the point with radial coordi-
nate r0 has dr/dτ = 0 but l1 6= 0, then from (12),
5(15), (23) one has
E 2c.m. =
m21+m
2
2 + 2m1m2
[
ε2
√
l21 + x
2
0
(x0− 2)x0 −
l1l2
x20
]
, (32)
which also is growing infinitely for x0 → xH = 2.
Note that for particles nonrelativistic on in-
finity with m1 = m2 = m , freely falling on the
Schwarzschild black hole the limiting energy of col-
lisions is only 2
√
5m (see Ref. [19]).
In conclusion of this part note that the proba-
bility of the collision of the relativistic particle with
the particle at rest close to the Schwarzschild hori-
zon is very small. So this is the main difference
with the situation when the BSW resonance occurs.
This can be seen from the evaluation of the inter-
val of the proper time of falling from the point r0
where dr/dτ = 0 to horizon. Define the effective
potential through the right hand side of (23)
1
2
(
dr
dτ
)2
+ Veff = 0. (33)
Then
dr
dτ
∣∣∣
r0
= 0 ⇒ r ≈ r0 − ∆τ
2
2
dVeff
dr
. (34)
So the proper time of falling of the particle to hori-
zon is
∆τ ≈M
√
2(x0 − xH)
/
dVeff
dx
. (35)
For the Schwarzschild black hole one obtains
∆τ ≈ 4M
√
2(x0 − xH)
4 + l2
, x0 → xH . (36)
For the Kerr black hole taking l close to lH from
(23), (33), (35) one obtains
∆τ ≈MA
√
2xH(x0 − xH)√
1−A2 (ε2xH+ xC)
, x0→ xH , (37)
which evidently is much larger than (36) for A→ 1.
3 Estimate of the time of the fall
before collision leading to the
large energy
In Refs. [4]– [6] it was shown by us that in order
to get the unboundedly growing energy for the ex-
tremal case one must have the time interval (as
coordinate as proper time) from the beginning of
the falling inside the black hole to the moment of
collision also growing infinitely. Quantitative es-
timations have been given for a case of extremely
rotating black hole A = 1 [5, 7]. Here we consider
the case A < 1.
From Eqs. (5), (23) one gets
|dt/dx| =
M
√
x
(
(x3 +A2x+ 2A2)ε− 2Al)
∆x
√
2ε2x2− l2x+ 2(Aε− l)2 + (ε2− 1)∆x
. (38)
For A < 1 from (14), (38) one gets that the value
of the time interval measured by clock of the dis-
tant observer necessary to achieve the horizon is
logarithmically divergent. From (38) one has for
l < lH = 2εxH/A , A < 1 and x0 close to xH (for
example x0 = 2xH )
∆t ∼ − 2MxH
xH − xC log(xf − xH) , xf → xH . (39)
Remind that for the extremal black hole and the
critical value of the angular momentum of the
falling particle this interval is divergent as 1/(r −
rH).
From Eqs. (12), (25), (26), (27), (39) it is easy
to obtain for collisions of two particles with l1 =
lH − δ close to horizon at the point xδ
∆t ∼ 8MxH
xH − xC log
Ec.m.√
m1m2
. (40)
So for
A = 0.998, ∆t ∼ 3.2 · 10−4 M
M⊙
log
Ec.m.√
m1m2
s. (41)
Taking the value of the Grand Unification energy
Ec.m./
√
m1m2 = 10
14 and the mass of the black
hole 108M⊙ typical for Active Nuclei of galaxies
one obtains ∆t ∼ 106 s, i.e. of the order of 12 days.
So in case of the nonextremal rotating black hole
the mechanism of the intermediate collision to get
the additional angular momentum with the follow-
ing collision with other relativistic particle leading
to large collision energy proposed by us in Ref. [4]
needs reasonable time much smaller than that for
the extremal case.
One can ask about the time of back movement
of the particle after collision with very high energy
from the vicinity of horizon to the Earth. Due to
reversibility of equations of motion in time it is easy
to see that this time is equal to the sum of the
6same 12 days to accretion disc and some 10–100
megaparsec — the distance of the AGN from the
Earth.
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